Practice ¢ Progress e Succeed | Common Core CCSS Algebra 2 [A-REL9]

———————————————————————————————————————————————————————————————————————— + EffortlessMath.com

The Inverse of a Matrix

Name: Date: Score: / 35

— Q Quick Review )

The inverse of a square matrix A, written A=, is the matrix that undoes A: AA~1 = A=1A = I, where I is the identity. Only square

matrices can have an inverse, and even then only if det(A) # 0. A matrix with det(A) = 0is caIIed singular and has no inverse.

1
2 x 2 inverse formula: for A = CCL with det(A) = ad — be # 0, A~ = _dc o . Swap the diagonal entries, negate the

off-diagonals, then divide by the determlnant The most common slip is forgettmg to d|V|de by det(A) — write that scalar factor first, then

build the adjugate.

Three identities to remember. (1) (A~1)~! = A — inverting twice returns the original. (2) (AB)~! = B~1A~! —inverses of a product

reverse the order (think socks before shoes, take off shoes before socks). (3) det(A~1) = det(A)°
€

Always verify AA~1 = I when you're learning. It's a quick way to catch a sign error: compute AA~1, and if you don’t see 1s on the diagonal
and Os everywhere else, something’s off.

PRACTICE

Compute each inverse, or state that the matrix is singular (no inverse).

1. State the condition that determines whether a square matrix A has an inverse.

N

4 3
—1 —
. A 1 where A = {2 J

3. Find A~ for the matrix A laid out below: A = [2 5].

1 3
Col1 | Col 2
Row 1 2 5
Row 2 1 3
L . . 1 0 3 1 2 4 0 1
: 2
4. Which is not invertible: [0 1}, [2 4], [1 2], [1 O]'
1 2 () , o
5. Compute AB for A = 3 7 and B = IPEE and confirm B = A",

(<2

2 4
—1 _
. A ' where A = {1 3}

7. Find det(A) for the matrix A laid out below: A = [5 2] .

3 1

Col1 | Col 2
Row 1 5 2
Row 2 3 1

©

1 [5 2
A whereA_{3 1

. k
9. Find & such that [2 3

] has no inverse.

37
11. (A~1)~! for any invertible A

10. A~ where A = [1 2]

12. (AB)~! when both inverses exist
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0 1
—1 —
13. A= where A = [1 O]

14. det(A1) if det(A) =4

15. Find A~! for the matrix A laid out below: A = [3 5}.

2 4
Col1 | Col 2
Row 1 3 5
Row 2 2 4

16. True or false: the identity matrix I,, is its own inverse.

1 0
—1 _
17. A=t where A = [O 2]

. 113 -1
-1 _
18. det(A) if A= = z [_2 4 ]

6 4
3 2

19. A~ where A = {
20. A~1 where A = [1 _21}

1

Word Problems

21. Solve the matrix equation A7 = bwhere A = [Zl)’ ?

- [5 L
}andb{n}.UsexA b. -

22. A linear transformation matrix is M = [3 1

5 2] . Find M1, which is the transformation that undoes M. -

23. A code-breaking matrix encrypts plaintext via ¢ = Epwhere E = [2 3

1 2} Find the decryption matrix £—1,

which recovers j from ¢via j = E~'¢.
k+1 2

24. For what value(s) of k£ does the matrix M = { 3 1

] fail to be invertible? -

Additional Practice

. . 1 2 3
25. State the dimensions of L 5 6}

1 4 3 -1
26.Add{2 O}+[5 6]'

T2 3 4
27. Subtract [1 5} - [_2 J.

. 3 2
28. Find det [5 4}.

. . 8 9
29. Find entry as; in [_3 4].

30. Can a 2 x 3 matrix multiply a 3 x 4 matrix?

31. Product size: (2 x 3)(3 x 4).
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. Multiply [2 1] [

5|

. Find the identity matrix of order 2.

. Find det [1 6}

2 12

. Does a matrix with determinant 0 have an inverse?
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( Answer Keys )
1. o
2 _3}
) 4 14.
3. 15.
16.
4. 2
17.
> 18.
6. —4] 19.
7. 20.
8. 21.
9.
22.
w0 [ 7]
11. 23.
12. 24,
Additional Practice Answers
25. 30.
26. 31.
32.
21. 33.
2 34.
29. 35.

Additional Practice: Answers for all numbered items, including the added practice, are shown in the grid above.

Step-by-Step Explanations

1. An n x n matrix is invertible if and only if its determinant is nonzero. A matrix
with det(A) = 0 is singular — no inverse, no unique solution to AZ = b.

2. Keep the rule visible: det(A) = (4)(1) — (3)(2) = —2. Swap diagonals,
negate off-diagonals: adjugate is [1,—3;—2,4]. Inverse is -5 times that.
(Equivalently, [—0.5,1.5;1, —2] — but the unsimplified factored form is fine to
leave.) That gives a quick check on the answer.

3. One steady pathis: det(A) = (2)(3) — (5)(1) = 1. Adjugate: swap diagonal,
negate off-diagonal — [3, —5; —1, 2]. Divide by det = 1 (no change). Verify:
A - A7 top-leftis (2)(3) + (5)(—1) = 1 v. That gives a quick check on the
answer.

4. Check each determinant: 1 -1 —-0=1;3-4—-1-2=10;2-2—-4-1=0
(singular); 0 - 0 — 1 - 1 = —1. The third matrix has det = 0, so it has no inverse.
5. Compute AB: (1,1): (1)(7) + (2)(—3) = 1. (1,2): (1)(—2) + (2)(1) = 0.
(2,1): (3)(7) + (7)(—3) = 0. (2,2): (3)(—2) + (7)(1) = 1. The product is I,
confirming B = A~1.

6. Keep the rule visible: det(A) = (2)(3) — (4)(1) = 2. Adjugate [3, —4; —1, 2],
scaleby 1: A= = 1[3, —4;—1,2]. (Or, equivalently, [1.5, —2; —0.5, 1].) That
gives a quick check on the answer.

7.One steady pathis: (5)(1) —(2)(3) = 5—6 = —1. (Setting up the determinant
is always step one toward the inverse.) That gives a quick check on the answer.

8. From the previous, det(A) = —1. Adjugate [1,—2;—3,5]. Multiply by
L= —1: A7 = [-1,2;3,—5]. Verify AA™ top-left: (5)(—1) + (2)(3) =
—54+6=1/V.

9. Set det = 3k — 12 = 0. Solve: k = 4. At k = 4, the matrix is singular — rows
(4, 6) and (2, 3) are scalar multiples.

10. Keep the rule visible: det(A) = (1)(7) — (2)(3) = 1. Adjugate
[7,—2;—3,1]. Divide by 1 — no change. This is the inverse used in the
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matrix-equation worksheet next section. That gives a quick check on the answer.
11. The inverse of the inverse is the original matrix. (Applying Gndotwice is the
same as doing nothing.) Formally, (A~)"t. A" =T = A. A~! andinverses
are unique, so (A~1)7! = A,

12. The product inverse reverses the order: (AB)~*! B~'A~'. Quick
mnemonic: socks before shoes; shoes off before socks. Writing A" 'B lisa
common error.

13. A careful way to see it: det(A) = (0)(0) — (1)(1) = —1. Adjugate
[0,—1;—1,0]. Divide by —1: A~! = [0,1;1,0] = A. So this swap matrix
is its own inverse — applying it twice returns the original. That gives a quick check

on the answer. 1 1

14. For invertible 4, det(A™") = = —. (Geometrically: if A scales area
det(A) 4

by 4, A~* shrinks area by i — the undo factor.)

15. One steady path is: det = (3)(4) — (5)(2) = 2. Adjugate [4, —5; —2, 3],

scale by 1. Final form: 1 [4, —5; —2, 3], or equivalently [2, —2.5; —1, 1.5]. That

gives a quick check on the answer.

16. Start with the key idea: I,, - I,, = I,,, SO I;l = I,,. (Multiplying by the identity

is doing nothing; doing nothing is also its own undo.) That gives a quick check on

the answer.

17. Diagonal matrices invert entrywise: replace each diagonal entry by its

reciprocal. det = 2; the formula gives the same answer. Geometrically, the

y-stretch by 2 undoes via a y-stretch by %

1
18. The scalar 1 out front is exactly m So det(A) = 5. (Reading off the
(S)

determinant from the inverse formula is a quick trick.)
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19. One steady path is: det(A) = (6)(2) — (4)(3) = 0. Singular — no inverse.
(Row 1 is 2x row 2, so the rows are linearly dependent.) That gives a quick check
on the answer.

20. Start with the key idea: det(A) = (—=1)(—1) — (2)(1) = 1 -2 = —1.
Adjugate (swap diagonals, negate off-diagonals): [—1, —2; —1, —1]. Divide by
det = —1 — every entry flips sign — giving [1,2;1, 1]. Verify: AA~ top-left

= 0 v/, bottom-left

(=D@) + (2)(1) = 1 v, topright (=1)(2) + (2)(1) =
1) = 1 v. Thatgives a

(1)(1) 4+ (—=1)(1) = 0 v/, bottom-right (1)(2) + (—1)(
quick check on the answer.

21. A careful way to see it: det(A) = 7 —6 = 1, so A~! =
[7,—2; —3,1]. Multiply: A=' = [(7)(5) + (—2)(11); (=3)(5) + (1)(11)] =
[35 —22; —15 4+ 11] = [13; —4]. So 1 = 13, 22 = —4. (Always verify by
plugging back: Az = [(1)(13) + (2)(—4); (3)(13) + (7)(—4)] = [5;11] v'.)
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That gives a quick check on the answer.

22. Keep the rule visible: det(M) = (3)(2) — (1)(5) = 1. Adjugate
[2, —1; —5, 3] (diagonals swapped, off-diagonals negated). Divide by det = 1: no
change. So M ~! = [2, —1; —5, 3]. Verify: M M ~* top-left (3)(2) + (1)(=5) =
1 v, off-diagonal (3)(—1) + (1)(3) = 0 v'. That gives a quick check on the
answer.

23. One steady pathis: det(E) = (2)(2) — (3)(1) = 1. Adjugate [2, —3; —1, 2].
Scale by + — no change. So E~1 =[2,-3; —1, 2]. (Hill ciphers in cryptography
literally do this — encrypt with a matrix, decrypt with its inverse.) That gives a quick
check on the answer.

24. Set det(M) = 0: (k + 1)(k) — (2)(3) = k* + kK — 6 = 0. Factor:
(k+3)(k—2) =0,s0 k = —3ork = 2. At either value, the determinant is zero
and M is singular. (Two roots, two ways to break invertibility.)
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