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Sum and Difference Identities

Name: Date: Score: / 32

— Q Quick Review )

Sum and difference identities give exact values for non-standard angles by splitting them into two pieces from the unit-circle family. They also

let you simplify expressions like sin(z + m/3) symbolically.

Sum and difference for sine.

sin(A + B) = sin A cos B + cos Asin B

sin(A — B) = sin Acos B — cos Asin B

Sine keeps the same sign as the angle operation.

Sum and difference for cosine.

cos(A+ B) = cos Acos B — sin Asin B

cos(A — B) = cos Acos B + sin Asin B

Cosine flips the sign between the two products — this is the easy thing to forget.

Sum and difference for tangent.

tan A + tan B
tan(A+B) — u

1 —tan Atan B

tan A — tan B
tan(A — B) = an an

1+ tan Atan B
Choosing the split. For 75°, write 75 = 45 + 30 (both unit-circle standards). For 15°, write 15 = 45 — 30. For 105°, try 60 + 45. The two

pieces have to be angles whose sine, cosine, and tangent values you have memorized.

When sides are given (not exact angles). If a problem gives sin A and cos B with quadrant information, use the Pythagorean identity to fill
in the missing values, watch the signs based on the quadrants, then plug into the right identity.

Common slips. Mixing up the cosine sign (using a + in cos(A + B)). Distributing across the function: sin(A + B) # sin A + sin B —that’s
the loudest trap. Forgetting to check the quadrant when filling in missing values.

PRACTICE

Use sum/difference identities. Give exact values where possible.

=y

. State the identity for sin(A + B).
2. State the identity for cos(A + B).
3. State the identity for tan(A + B).
4. Compute sin(75°) exactly. Split 75° = 45° + 30°; the 30-60-90 triangle below supplies the 30° values you

need.
1
[ ]

V3
. Compute cos(75°) exactly.
. Compute sin(15°) exactly.
(15°) exactly.
. Compute cos(

5

6

7. Compute cos
8 105°) exactly.
9

. Compute tan(75°) exactly.
10. True/false: sin(A + B) = sin A + sin B.
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11. If sinA = — (Ql) and cos B = —1% (Q NN, find sin(A — B). The triangle below sets up angle A with
sin A = g; build B the same way.

ot w

A []

12. If sin A = 1% (Ql)and cos B = 2—75 (Q IV), find cos(A + B). The triangle below sets up angle A with
sin A = 1—53 (opposite over hypotenuse).

13. Simplify sin(m — 0).
14. Simplify cos(m — 6).
C e 7r
15. Simplify sin (6 + 5)
. . 71'
16. Simplify cos (9 — 5)
17. Compute sin(105°) exactly.
18. Compute tan(15°) exactly.
19. Use a sum identity to expand sin(z + 7).

20. Use a sum identity to expand cos(z + ).

Word Problems

21. A surveyor measures two angles: « = 30° and 8 = 45°. What is the exact value of sin(a + §)? N
4 . 12, . .
22. Two angles satisfy sin A = £ with Ain Q l and cos B = 3 with B in Q I. Find sin(A + B). -

23. A circuit engineer needs the exact value of cos(15°) to simplify a transmission formula. Use a R
sum/difference identity to compute it.

24. A physics formula reads f(t) = sin(wt + 7/6). Expand f(¢) using a sum identity so that the formula is in -
terms of sin(wt) and cos(wt) only.

Additional Practice

25. Find sin 6 if opposite = 5, hypotenuse = 13.
26. Find cos @ if adjacent = 12, hypotenuse = 13.
27. Find tan 6 if opposite = 7, adjacent = 4.

28. Find sin 30°.

29. Find cos 60°.
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30. Find tan45°.
31. Convert 180° to radians.

32. Convert % radians to degrees.
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( Answer Keys )

1. [sinAcosB+cosAsinB]
2. (cos Acos B — sin Asin B)

tan A + tan B
3. 1 —tan Atan B
4 V6 + V2
) i
5. M
£
6. 7\[_\/5
-4
7 V6+v2
) i
8. 7\[_\/6
4
9. [2+3
10.
63
11.

65

Additional Practice Answers
25.
26.
27.
28.

204
12,
13.
14.
15.
16.

17.

18.
19.
20.

21.
22.

23.

24,

29.
30.
31.
32.

Additional Practice: Answers for all numbered items, including the added practice, are shown in the grid above.

Step-by-Step Explanations

1. A careful way to see it: Sine keeps the sign between the two products. This is
the part to check before moving on, because it keeps the answer tied to the original
question.

2. Keep the rule visible: Cosine flips the sign — watch this carefully. This is the
part to check before moving on, because it keeps the answer tied to the original
question.

3. One steady path is: Numerator: sum. Denominator: 1 minus the product. This is
the part to check before moving on, because it keeps the answer tied to the original
question.

4. Split 75° = 45° + 30° since both are unit-circle standards, and read 30°
values off the triangle. The sine sum identity keeps a plus between the products:

2 3 2 1 6 2 6 2
sin4500530+c0545sin30:g-ngf- :£ £:¥

4 4
5. A careful way to see it: cos(45 + 30) = cos45cos30 — sin45sin30 =

V6 V2 G- 3
- Ve 2

(Notice the minus sign from cosine.) That gives a quick

4 4
check on the answer.
6. Keep the rule visible: Split: 15 = 45 — 30. sin45cos30 — cos45sin30 =

V6 _ V2 _VE-v2

. This is the part to check before moving on, because it

4 4
keeps the answer tied to the original question.
7. One steady path is: cos(45 — 30) = cos 45 cos 30 + sin 45 sin 30 (cosine flips
V6 + V2
4

signs, so a difference becomes plus) = . That gives a quick check on

the answer.
8. Start with the key idea: 105 = 60 + 45. cos60cos45 — sin60sin45 =

LVE VB V2 VB

(Negative — 105° is in Q2.) That gives a quick

2 2 2 2 4
check on the answer.
14+1/v3 3+1
9. Use tan(45 + 30): ——/ V3 _ VB4 1L pitionalize by multiplying by
1-1-1/v/3  V3-1

-1 EffortlessMath.com

®

V3+1, (V3+1)2  4+2V3
vV3+1 3—-1 2 =2+V3

10. Classic trap. Sine doesn't distribute over addition. Use the sum identity instead.
11. Fill in the missing values with quadrant care. In Q1, cosine is positive, so from

4
the 3-4-5 triangle cos A = 5 In Q2, sine is positive, so with cos B = ——

13
12
the 5-12-13 triangle gives sin B = +1—3. Now the sine difference identity:
3 5 4 12
sin(A — B) = sinAcosB — cosAsinB = - (—-—— ) — = - —
5 13 5 13
15 48 63
65 65 65 o y
12. Fill in missing values by quadrant. In Q1 cosine is positive, so the 5-12-13
1 7
triangle gives cos A = o In Q4 sine is negative, so with cos B = 3 the
7-24-25 triangle gives sin B = 35 The cosine sum identity flips the sign
12 7
between products: cos(A + B) = cos Acos B — sin Asin B = TR

5 < 24> 84 120 204

13 25 325 325 325

13. A careful way to see it: sin(mr — 0) = sinmwcosf — cosmsinf =0 - cos —
(—1)sin® = sin 6. This is the part to check before moving on, because it keeps
the answer tied to the original question.

14. Keep the rule visible: cos(m —60) = cos wcos @ +sinwsinf = —cos0+0 =
— cos 0. This is the part to check before moving on, because it keeps the answer
tied to the original question.

15. One steady path is: sin 6 cos(mw/2) + cos @ sin(n/2) = 0 + cos @ = cos 6.
This is the part to check before moving on, because it keeps the answer tied to the
original question.

16. Start with the key idea: cos 6 cos(7/2) +sin @ sin(7w/2) = 0+sinf = sin 6.
This is the part to check before moving on, because it keeps the answer tied to the
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original question.
17. A careful way to see it: 105 = 60 + 45. sin 60 cos 45 + cos60sin45 =

V3 v2 1 Ve VEive

+ 5 I . (Same value as sin 75° — supplementary
angles share sine.) That gives a quick check on the answer.

tan 45 — tan 30 1-1//3
18. Keep the rule visible: tan(45 — 30) = —t ancd V3 _
1 + tan 45 tan 30 1+1/V3
3-1 3-1)2 4-2V3
v3 . Rationalize: (V3-1) = V3 = 2 — /3. That gives a quick
V3+1 2 2
check on the answer.
19. One steady path is: sinzcosm + coszsinm = —sinz + 0 = —sinx.

(Makes sense — shifting sine by = flips its sign.) That gives a quick check on the
answer.

20. Start with the key idea: cosz cosm — sinzsinm = —cosxz — 0 = — cosz.
This is the part to check before moving on, because it keeps the answer tied to the
original question.

21. A careful way to see it: sin(a + 8) =

sinacos 3 + cosasinf =

-1 EffortlessMath.com
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. (Same value as sin 75°.)

1 V2 ﬁ_\/i:\/i+x/5:\/5+ﬂ
4

2 2 2 2 4
That gives a quick check on the answer.

3 5
22. Both in Q1, so cosines and sines are positive. cos A = —, sin B = o Then

4 12 3 5 48 15 63

in(A+ B) = sin A cos B AsnB=—--—+—--— = —+— = —.

sin( + ) = sin A cos +COS, 51T1 5 13'+ 13 o5 = o5

23. Split 15 = 45—30. By the cosine difference identity (which uses + between the
2 3 21

two products): cos 15° = cos 45 cos 30 + sin 45 sin 30 = % . g + % 3=

V6 + V2
—
24. By the sine sum identity, sin(wt + 7/6) = sin(wt)cos(w/6) +

3 1
cos(wt) sin(w/6) = £ sin(wt) + = cos(wt). This phase-split form is what
engineers use to combine multiple sine waves into one amplitude and phase.
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